HEIGHT ESTIMATES FOR EQUIDIMENSIONAL 
DOMINANT RATIONAL MAPS 



JOSEPH H. SILVERMAN 

Abstract. Let ip : W V he a dominant rational map be- 
tween quasi-projective varieties of the same dimension. We give 
two proofs that hy [(p{P)) ^ hw{P) for all points P in a nonempty 
Zariski open subset of W. For dominant rational maps (p : P" 
P", we give a uniform estimate in which the implied constant de- 
pends only on n and the degree of ip. As an application, we prove a 
specialization theorem for equidimensional dominant rational maps 
to semiabelian varieties, providing a complement to Habegger's re- 
cent theorem on unlikely intersections. 



Introduction 

A fundamental property of Weil heights [7, B. 3. 2(b)] is functoriality 
for morphisms (p : W ^ V of (normal) projective varieties: 

hv,D{v{P)) = hw,^*D{P) + 0(1). (1) 

Functoriality breaks down quite badly for rational maps, as shown by 
simple examples such as 

^ : P2 ^{[X,Y,Z]) = [X\Y\XZl (2) 

which is a map of degree two having fixed points [a, a, h]. 

When D is ample, a simple triangle inequality argument shows that 
even for rational maps, there is an upper bound 

Our first result is a lower bound which, although not as strong as (1), 
is sufficiently nontrivial to have interesting applications. 

Theorem 1. Let ip : W --^ V he a dominant rational map between 
quasi-projective varieties, all defined over Q. Assume further that 
d\m(y) = dim{W). Fix height functions hy and hy/ on V and W , 
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respectively, corresponding to ample divisors. Then there are con- 
stants Ci > and C2 and a nonempty Zariski open set U <ZW such 
that 



The constants Ci and C2 depend on V , W ^p, and the choice of hy 
and hw , but are independent of the point P. 

Wc will give two proofs of Theorem 1, the first a short proof that 
relies on a numerical criterion involving nef and big line bundles, the 
second a direct proof using only elementary properties of height func- 
tions. 

Theorem 1 says that there is a nonempty open set on which the 
ratio hv{'p{P)) /hw{P) is bounded below by a positive constant. This 
prompts the following definition. 

Definition. Let if : W V be a rational map between quasi- 
projective varieties, all defined over Q. Fix height functions hy and hw 
on V and W, respectively, corresponding to ample divisors. The height 
expansion coefficient of ip (relative to the chosen height functions hy 
and hw) is the quantity 



where the sup is over all nonempty Zariski open subsets of W. (Note 
that as we make U smaller, the liminf becomes larger, so we may restrict 
attention to sets U such that ip is defined at every point of U.) 

Theorem 1 is equivalent to the assertion that if </? is equidimensional 
and dominant, then fi{ip) > 0. Our second result gives a uniform bound 
for dominant self-maps of projective space. 

Theorem 2. Let n > 1 and d > 1 be integers. There are constants 
Ci = Ci{d,n) with Ci > such that for all dominant rational maps 
ip ■ 'pn f>n d^jifiQd Q^Qj- Q there is a nonempty Zariski open set 
C P" such that 



[N.B. The constants Ci, C2, and C3 depend only on d and n, and are 
independent of the map ip and the point P. See Section 3 for the exact 
definition of the height h{(p) of a rational map (p.) 

Theorem 2 implies that for dominant maps (/? : P" --^ P" of degree d, 
the height expansion coefficient //(</?) is bounded below by a constant 






h{p{P)) > Cih{P) - C2h{p) - C3 for all P e f/^(Q). 
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that depends only on n and d. This prompts the definition 

dominant 
deg ip=d 

We note that Theorem 2 impUes that /^^(P") > 0. 

It would be interesting to know the exact value of 7I^(P"). It is clear 
that 71^ (P^) = d, since every rational self- map of P^ is a morphism. In 
Section 4 we give examples of maps on P" for which we can compute, 
or estimate, the value of In particular, we prove that 

/7rf(P") < d-^'*-^) for all n > 2 and d>2. 

We also show that certain automorphisms cp : V ^ V oi K3 surfaces 
satisfy //(<^") < (2 + V^)"", so even for automorphisms of varieties, 
the height expansion coefficient can be arbitrarily small. 

For further properties of /i(<^), and for a lower bound for fi{ip) that 
is more closely tied to the geometry of the map ip, see [13, 12]. 

Acknowledgements. The author would like to thank Marc Hindry and 
David Masser for their assistance, David Cox for suggesting a method 
of proving Proposition 6, and Chong Gyu Lee for a suggestion regarding 
Proposition 9. 

1. An algebro-geometric proof of Theorem 1 

We use the following numerical criterion for bigness due to Siu. 

Theorem 3. (Siu [20], [11, Theorem 2.2.15]) Let V be a projective 
variety of dimension n, and let D and E he nef divisors on V . Assume 
that 

(L>") >n(r>"-'-£;). 

Then D — E is big. 

We recall that ample divisors are nef, that the nef property is pre- 
served under pull-back by morphisms, and that a divisor is big if some 
multiple defines a rational embedding into projective space. See [11, 
§§1.4,2.2] for basic definitions and properties of nef and big divisors. 

Proof of Theorem 1 . Without loss of generality, we may replace V and 
W by normal projective varieties, since the statement of the theorem 
applies only to points in some Zariski open subset of W . 

The map if -.W --^y V is only assumed to be rational, so we resolve 
the indeterminacy by finding a projective variety X and morphisms 
■0 : X — > y and tt : X ^ W such that tt is a birational morphism and 
the following diagram commutes [5, II. 7. 17.3]: 
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Let n = dim(y) = dim(W^). We let D e Diy{W) and E e Div(y) 
be ample divisors associated to the Weil height functions h]y = hw,D 
and hv = hv,E- The fact that D is ample implies that its self-intersec- 
tion {D"') is positive, and then the projection formula tells us that 

(7r*D)" = (D") > 1. 

Hence we can find an integer m > 1 satisfying 

m((7r*D)'^) > n((7r*D)"-i • ij*E). 
Multiplying by m"-'^ yields 

(m7r*L»)" > n((m7r*L»)"-^ • ijj*E). 

This allows us to apply Siu's theorem (Theorem 3) to the divisors m7r*D 
and ip*E to conclude that m7i*D — il)*E is big. (We are using the facts 
that ample divisors are nef and that the pull-back of a nef divisor by 
a morphism is nef.) In particular, there is an integer A; > 1 such that 
kmTi*D — kil)*E is effective. It follows from a standard property of 
height functions [7, B. 3. 2(e)] that there is a nonempty Zariski open set 
U G X such that 

hx,km7r*D-k^'Eix) > 0(1) for all X e U{Q). (4) 

(More precisely, we may take U to be the complement of the base 
locus of the divisor krmT*D — kip*E.) Functorial properties of height 
functions [7, B.3.2(b,c)] tell us that 

hx ,km-K* D— kip* E 

) = kmhx,TT*D{x) — khx-^*E{x) + 0(1) 
= kmhw,D{T^{x)) — khv,E{'4'ix)) + 0(1). (5) 
Combining (4) and (5) yields 

hw,D{7r{x)) > -hv,E{ip{x)) + 0(1) for all x e U{Q). 

Using the facts that tt is surjective, that ip — (p o tt, and that (p is 
defined on an open subset oi W, we conclude that there is an open 
subset U' CW such that 

hwAP) > -hv,E{fiP)) + for all P e U'(Q). 
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This concludes the proof of Theorem 1. □ 

2. An elementary height-based proof of Theorem 1 

In this section we use basic properties of height functions to give 
an alternative proof of Theorem 1. The key estimate is the standard 
inequality relating the height of the roots of a polynomial to the height 
of its coefficients. We begin with an elementary result that will be 
needed for the proof. 

Lemma 4. Let 

be a rational map of projective varieties defined over Q, and let he 
the indeterminacy locus ofip, so ip is well-defined onV^Z^. Fix height 
functions hy and hw corresponding to ample divisors on V and W , 
respectively. Then there are constants Ci > and Ci, such that 

hv{^{P)) < Cihw{P) + C2 for all P e W{K) \ Z^. 

Proof. This is a standard triangle inequahty estimate, but lacking a 
suitable reference, we sketch the proof. Replacing hy and hw by mul- 
tiples, we may assume that they correspond to embeddings \/ C P" 
and W C P™". Extending (/9 to a rational map (p : P" P™", this 
reduces the lemma to the case that V and W are projective spaces, in 
which case [7, B. 2. 5(a)] completes the proof. (More precisely, we take 
a finite number of extensions of (p in order to cover all oi V ^ Z^.) □ 

Proof of Theorem 1. The assumptions that dim(\^) = dim(iy) and 

that (/9 is a dominant rational map imply that Q(M^) is a finite al- 
gebraic extension of Lp*Q(y). Let / G Q(H^) be a rational function 
on W. Then / is a root of a polynomial 

X'' + AiX''-' + ■■■ + Ad-iX + Ad with Ai, . . . , Ad e (^*Q(l^). 

Let U = Uf he a nonempty open subset of W such that / and all 
of the functions Ai, . . . ,Ad are defined at every P G U{Q). Then for 
every P G ^7(Q), the number f{P) G Q is a root of the polynomial 

X'^ + A,{P)X''-' + ■■■ + Aa-i{P)X + Ad{P). 

A standard estimate [18, VIII.5.9] relating the heights of the roots 
and the coefficients of a polynomial gives 

h{f{P)) -d\og2< h{[l, A(P), ^(P), . . . , Ad{P)]) 

for all P G U(Q). (6) 
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Since Ai,...,Ad e ip*Q{V), there are functions Bi e Q{V) such 
that Ai — ip*Bi — BiO (p. We define rational maps 

a = [1, Ai, . . . , Ad] : W /? = [1, Bi, . . . , B^ : V P'^. 

With this notation, the estimate (6) becomes 

h{f{P)) - d\og2 < h{a{P)) for all P G f/(Q). (7) 

Applying the elementary triangle inequality estimate described in 
Lemma 4 to the rational map f3 gives 

h{(3{Q)) < c^hv{Q) + C2 (8) 

for all Q G V(Q) at which Bi, . . . , Bd are defined. (Here and in what 
follows, the constants q = Ci(W,V, (p, hw, hy, f) > are independent 
of P G U{Q).) Applying (8) with Q = p{P) for P G C/(Q) and 
combining it with (7) yields 

h{f{P)) < csh{a{P)) + C4 from (7), 

= C5/i(/3 o (^(P)) + ce since a = /3 o (9) 

< C7hv{<f{P)) + Cg from (8) with Q = p{P). 

The height hw is relative to an ample divisor, so taking a multiple 
of hw-i we may assume that it is associated to a projective embed- 
ding i}} : W ^ P", i.e., hw{P) — h[ijj{P)). The map ijj is given by 
rational functions, say 

V'=[l,/l,...,/n] With /!,...,/„ GQW. (10) 

Applying (9) to each of /i, ...,/„, we find that 

hw{P) = h(tp{P)) from the choice of ■0, 

= /i([l,/i(P),...,/„(P)]) from (10), 

n 

< ^^/i(/j(P)) elementary height estimate, 

i=l 

< CQhv{(p{P)) + cio from (9). 

This completes the proof of Theorem 1. □ 

Remark 5. The open subset U in Theorem 1 is necessary. To see this, 
consider the map 

Then (/? is a dominant rational map, but 

^([0,q;,/3]) = [0,1,0] for all a ^0. 
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Thus 

h{cp{[0,a,P]))=h{[0,l,0])^0, 

which is certainly not larger than a multiple of /i([0, a, For this 
example, one can check that 

hi^fiiP)) > h{P) for all P e [/ = {X ^ 0}. 

3. A UNIFORM HEIGHT ESTIMATE FOR RATIONAL SELF-MAPS OF 

Wc use Theorem 1 to prove Theorem 2, which says that there is a 
uniform lower bound for heights on P" relative to dominant rational 
self-maps. Before starting the proof, we briefly describe the universal 
parameter space of dominant rational degree d self-maps of P". To ease 
notation, let 

\ n 

be the number of monomials of degree d va. n -\- 1 variables. A ra- 
tional map : P" ^ P" of degree d has the form (p = [ipo, . . . , ipn], 
where each (pi is a homogeneous polynomial of degree d. Taking the 
coefficients of po, ... ,ipn SiS coordinates of a point in projective space, 
the map (p corresponds to a point e p(ri.+i)Ar-i -y^^ define subsets 
of p("+i)^-i as follows: 

Rat^ = {A^ : cp has degree d}, 
Dom^ = {A^ : p is dominant of degree d}, 
Mor^ = {A^ : p is a morphism}. 

We note that 

Mot]^ C Dom2 C Rat^ C p("+i)^-i. 

We use these inclusions to define the height of a rational map p> e 
RatJJ(Q) to be the Weil height of the corresponding point in projective 
space, 

h{p)) — hj,(„+i)N-i{A^). 

Similarly, for a point 

P = {x, A^) e Fl^^n = P" X Rats C P" X pi^+m-\ 

we define 

h{P) = hpn{x) + h{p) 
to be the Weil height relative to the line bundle (9pnxp(n+i)]v-i(l, 1). 

The set Mor^ is a nonempty Zariski open subset of more 
precisely, Mor^ is an affine variety, since it is the complement of a single 
polynomial, the Macaulay resultant [8] . Similarly, Rat^ is a nonempty 
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Zariski open subset of p("-+i)-^-i^ since A^^ ^ RatJ^' if and only if tliere is 
a non-constant homogeneous polynomial dividing all of (po, . . . ,(fn- 
Again, elimination theory says that for each fixed degree of xjj, the set 
of such is a Zariski closed set. 

The fact that Dom^ is quasi-projetive is perhaps less clear, and al- 
though undoubtedly well known, for lack of a suitable reference we 
sketch the proof. 

Proposition 6. Over any field of characteristic zero, the parame- 
ter space Dom^ of dominant degree d rational self-maps of is a 
{nonempty) Zariski open subset o/P("+^)^-^ 

Proof We write (p{F^) for the image of </?, i.e., </?(P") is the Zariski 
closure in P" of </7(P"' \ Z^), where is the locus of indeterminacy 
of (f. Then 

A^ e Dom;^ (^(P") = P". 

Equivalently, A^ ^ Dom^ if and only if ip{F^) is a proper Zariski closed 
subset of P". 

Let P e P-^ \ be a point at which (p is defined, and consider the 
map on the cotangent spaces, 

(fi*p : il<^(pn),^(P) > ilpn,P. 

Our characteristic zero assumption means that we do not have to worry 
about inseparability, so we have: 

• If dim (/7(P") = n, then (p*p is injective for almost all P. 

• If dim ip{¥^) < n, then ip*p ^ for all P. 
Hence letting 

= det{dfi/dxj)o<i,j<n 
be the Jacobian determinant, we obtain the characterization 

A^ e Rat^ \ Dom;^ = 0. 

The Jacobian consists of a certain number of monomials inxQ, . . . ,Xn 
whose coefficients are polynomials in the coefficients of (po, ■ ■ ■ ,^n- The 
ideal generated by those coefficients is the ideal that defines the com- 
plement Rat^ \ Dom^\ which completes the proof that Dom^ is a quasi- 
projective subvariety of of Rat^. □ 

Proof of Theorem 2. The idea is to use the universal family over the 
parameter space Dom^ of dominant degree d rational self-maps of P". 
Directly from the definition of Dom^, we have a rational map $ as in 
the following diagram 
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m ^ -pn 

Dom^ -"^^Dom^ 




DomS 



with the property that for all e Dom^, the restriction of $ to the 
fiber above is the map (p. We first consider the pull-back of this 
diagram to a subvariety S C Dom^. 

Lemma 7. Let S C Dom^ be a irreducible subvariety, so we have a 
commutative diagram 

. Pg 




S 



Then there are constants Ci{S) > and C2{S) > and a nonempty 
Zariski open subset Us C Pg such that 

h{<l>{P)) > C,{S)h{P) - C2{S) for all P e UsiQ). 

Proof. Apply Theorem 1 to the rational map $ : P§ — -> P§. □ 

We are going to apply Lemma 7 inductively on the dimension of S. 
For a given irreducible S C Dom^, we find constants Ci{S) and an open 
set Us C P5 as in the lemma. The complement P§ \ f/^ is a proper 
Zariski closed subset, so it is a finite union of irreducible subvarieties, 
say Ti U • • • U T^. We separate the Tj's into two cases, depending 
on whether they are horizontal or vertical. (We say that T C P§ is 
horizontal if 7r{T) — S, and vertical otherwise.) Let T be any one of 
the Tj's. 

If T is horizontal, then its intersection with every fiber of tt is a 
proper closed subset of the fiber. So horizontal T delineate exceptional 
sets on each fiber. We let Tis denote the set of horizontal T^. 

If T is vertical, then tt(T) is a proper closed subvariety of S, so in par- 
ticular it is a closed subvariety of Dom^ satisfying dim(7r(T)) < dim(S'). 
(Note that this is a strict inequality.) We let Vs denote the set of 7r(Tj) 
such that that Tj is vertical. 
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We now start the induction with S = Sq = Dom^. This gives us 
a set of horizontal subvarieties Hsq, which we put aside for later, and 
a set of Vso consisting of proper closed subvarieties of 5*0 associated 
to vertical subvarieties. To ease notation, we denote these sets by Tio 
and Vq. For each variety S E Vq, we apply Lemma 7 to obtain sets of 
horizontal and vertical subvarieties, and we write 

n,= [jUs and Vi = y Vs. 
seVo seVo 

Repeating this process, we inductively obtain two sequences of finite 
sets of varieties by the rule 

Hk+i = U ^^^+1 = U for A; = 0, 1, 2, ... . 

seVk seVk 

By construction, the dimension of the varieties in Vfc are strictly 

decreasing as k increases, so there is a 7^ such that Vk = for k > K. 
More precisely, we can take K = dim(Dom^) = (n + 1)N — 1. We now 
let 

K K 

n=[jnk and V = U Vk. 

fc=0 k=0 

Associated to each 5" e V are constants Ci{S) > and 6*2(6') > 0, and 
we set 

Ci = min Ci (S) and C2 = max C2 (S) . 

Sev Sev 

We also let 

Ten 

Note that W is a, proper algebraic subset of PdohiJ '^^^^ the property 
that W contains no entire fibers of the fibration vr : Pdohi^ ~^ Dom^. 
By construction and from the inequality in Lemma 7, we have 

/i($(P)) > Cih{P) - C2 for all P e Pg„^n \ W. (11) 

We now observe that a point P e ^Ratj really a pair P — (x, A^), and 
the map $ is given by $(-P) = (</?(x), A^). Further, as noted earlier, 
the height of P = {x,A^) is simply the sum h{P) — h{x) + h{ip). 
Hence (11) may be rewritten as 

h{ip{x))+h{ip) > Ci{h{x)+h{^)) -C2 for aU {x,A^) e PSo^,- \ W. 
For any point A^p e Dom^, let 

= 7r~\A^) nW G 7r-\A^) ^ P". 
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By construction, the set W^p is a proper Zariski closed subset of P". We 
have proven that 

h{ip{x)) > Cih{x) - h{if) -^2 for all e Dom^ and x e P" \ W^. 

The constants Ci and C2 depend only on d and n, which completes 
the proof of Theorem 2. □ 

4. Height expansion coefficients for P** 

We recall that the height expansion coefficient of a rational map 
(p : V ^ W is defined to be the quantity 

fi{Lp) = sup liminf —r-^—j-^-^- 
$^ucw Peu{Q) hw[P) 

The value of ii{ip) clearly depends on the choice of height functions hy 
and hw, which in turn depend on the choice of ample divisors D e 

Div(\/) and E G Div(Vr). More precisely, it follows from [7, B.3.2(f)] 
that fi{ip; D,E) depends only on the algebraic equivalence classes of D 
and E. 

In the special case that W — V, which is of interest for example in 
dynamics, it is natural to take D — E, or equivalently hw = hy- If 
further NS(K) has rank one, as happens for example when V = W — 
P", then ij,{(p) is defined independent of the choice of hw = hy- 

In this section we investigate the height expansion coefficient for 
dominant rational self-maps of P". For example, if (/? : P" — > P" is a 
nonconstant morphism, then 

h{^{P))^(deg^)h(P) + 0(l), 

so = degLp. On the other hand, the degree two rational map 

: P^ ---> P^ described in the introduction (2) satisfies /x(<^) = 1. 
We recall the definition 

dominant 
deg (p=d 

Theorem 2 tells us that ]I^(F'^) > 0. For n = 1, every rational map 
pi _> pi is a morphism, so Jldi^^) = d- The value of Jifii^) for n > 2 
is less clear. We are going to prove that 

Question 8. If : P" --^ P" is a rational map that is not a morphism, 
is it true that //(</?) < deg(p (strict inequality)? 
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Let : P" --^ P" be a rational map. We write for the locus of 
indeterminacy of ■0. We also recall the elementary (triangle inequality) 
height estimate [7, B.2.5(a)], 

h{i^{P)) < (degV')/i(P) + 0(1) for all P e P"(Q) \ Z^. (12) 

A birational map (/? : P" P" is called a regular affine automorphism 
if it is not a morphism, if it restricts to an automorphism A" — > A", 

and if Z^ fl Z^-i = 0. 

Proposition 9. Let n > 2 and let : P" --^ P" 6e a regular affine 
automorphism. Then 

K^) = / n 

(degv?) 1+'*™ 

In particular, there exist regular affine automorphisms of P" of every 
degree d >2 satisfying fi{(p) — d~^'^''^\ Hence 

T^^in < 

Proof. To ease notation, we let 

di = deg{(p), d2 = deg{ip-^). 

We make use of Kawaguchi's theory of canonical heights for regular 

affine automorphisms; see [9] or [19, Exercises 7.17-7.22]. Kawaguchi 
constructed canonical heights under the assumption that ip satisfies the 
following height estimate: 

h(ip(P)) h(ip-\P)) f 1 \ , , 



di d2 V did2, 

for all P e A"(Q). (13) 

This estimate was proven for n = 2 by Kawaguchi [9] and by Chong 
Gyu Lee [12] in general. 

Thus there are canonical height functions h'^ and h~ such that for 
all P e A"(Q), 

h+{ipP) = dih+{P), h^{P) < h{P) + 0(1), 

h-{ip-^P) = d2h-{P), h{P) < h+{P) + h-{P) + 0(1). 

We now fix a point P e A"(Q) having Zariski dense orbit under itera- 
tion of </?. (It is not hard to see that this is true for most points.) For 
each A; > we let Qk — ip~'^P and we compute 

h{ipQk) < h+{ipQk) + h-{ipQk) + 0{1) 

— dih'^{Qk) + d2^h~{Qk) + 0{1) from properties of h^, 
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= dih+{ip-''P) + d2^h-{Qk) + 0(1) since Qk = v'^P, 

= d\-^h^{P) + d^^h-{Qk) + 0(1) since h+ o ip-^ = d.^^h+, 

< d\-^h+{P) + d^^hiQk) + 0(1) since h' <h + 0(1). 

Hence 

^^^^ - fe_oo /l(Qfc) - fc->oo I /l(Qjfc) 2 J d2 

For the other direction, wc compute 

\ did2 J di 02 

< ^(^j^^) +/,(p) + c>(i) from (12). 

Now a httle bit of algebra yields 

This holds for all P e A"(Q), so 

— < sup limmi — — = /^(V')- 

^2 0^[7CP" ^'GC/W) h{P) 

This completes the proof that fj^{^p) = l/d2- In order to express this 
bound in terms of the degree of (/?, we let 

^1 = 1 + dim Z^, £2 = 1 + dim Z^-i , 

and use the relations [15, Proposition 2.3.2] 

£^+£^^n and d^' = d{\ 

Thus 

d2 = d'^"^ = df'-\ 

SO fx{ip) = d^' = d-^''^''-'\ 

Finally, for any n > 2 and 0? > 2 it is easy to write down regular 
affine automorphisms of P" of degree d for which has dimension 
zero, and for such maps we have /x((/?) = d~^"''^\ □ 

We next compute the height expansion coefficient of a rational map 
that is not an automorphism. 
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Proposition 10. The dominant rational map 99 : P" --->• P" defined by 

cp{[Xo,...,X^]) = [X,\...,X^'] 
has height expansion ratio 

li{(fi) = - 



n deg ip 

Proof. From the definition, it is clear that ip is dominant and satisfies 

cp{^{X))=X. 

Fix e > 0, let T be a large number, and choose integers ao, . . . , On G ^ 
satisfying 

T^"" < Oi < T for all i and gcd(ao, . . . , Qn) = 1- 
Consider the point 

P = V^([«o, • • • ,an]) 
and it's image (p{P) = [oq, . . . , a„]. (We are using the fact that if o ip 
is the identity map.) The height of <^(-P) is given by 

H{^{P)) = H{[ao, On]) = \ai\ < T. (14) 

Next we observe that the coordinates of 

P — [■ ■ ■ , Oo • • • aj-iOj-i-i • • • a„, . . .] 
are relatively prime integers, so 

H{P) = max |ao • • • • • • Onl > T^^"')". (15) 

0<j<n 

Combining (14) and (15) and taking logarithms yields 
The set of points for which this is vahd is Zariski dense, so 



h{P) ~ (1 - e)n 

This holds for every e > 0, which gives the upper bound ii{ip) < 1/n. 

To prove a lower bound for //(</?), we note that for any rational map 
■0 : ---> P", the triangle inequality gives an elementary upper bound 

h{i^{P))<{deg^)h{P) + 0{l). 

Our map </? has degree n, so h{(p{P)) < nh{P) + 0(1). Replacing P 
with ip{P) and using the fact that <p'^{P) — P yields 

h{P)<nh{(p{P))+0{l), 
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SO 

M = liminf ^^.'^/^^^ > liminf |- + O ( \ = -■ 
^^^^ MP)^oo h(P) - hiP)^oc\n \h{P)Jj n 

This completes the proof that fi{ip) = n. □ 

Question 11. Let (/? : P" be a dominant rational map. Based 

on the examples in Propositions 9 and 10, it is natural to ask if ii{(p) 
always has the form d'^ for some rational number k. 

Remark 12. If(^,'?/' : V ---> V are rational self- maps of a variety y, it is 
natural to ask if there is a relation between /^.(v?), A*('V'), and iJi{ip o ■^). 
In particular, for applications to dynamics it would be interesting to re- 
late nif"') to n{<f). For example, is fJ^i^p"^) < /^(<^)? The map described 
in Proposition 10 shows that the answer is no, since that map satis- 
fies v^^(-P) = P, so ii{(p) = 1/n and n{(p'^) = 1. For further discussion 
of the relation between iJ,{(p), lJ>{ip), and iJ,{(p o see [12]. 

As noted earlier, if : P'^ — >■ P" is a morphism of degree d, then 
fi{ip) = d, so nonconstant morphisms P" — > P" never have small height 
expansion coefficients. It turns out that self-morphisms of other types 
of varieties may have height expansion coefficients that are arbitrarily 
small, as in the following example. 

Proposition 13. Let y C P^ x P^ 6e a non-singular variety of type 
(2,2), so V is a K3 surface with noncommuting involutions ii and i2, 
and let ip — Li o i2 : V ^ V be their composition, so ip is an au- 
tomorphism of V . Further, let Di,D2 G Div(y) be the pull-backs 
to V of divisors of the form if x P^ and P^ x H, respectively, and 
let D G TjDi + Zi52 C Div(l^) be an ample divisor in the linear span 
of Di and D2. Then for all n > I, the height expansion coefficient 
of (fi"' relative to the divisor D equals 

M^") = (2 + y3)-2". 

Proof. For basic properties of the K3 surface V, see [17] or [19, §7.4]. 
To ease notation, we let a = 2 -|- \/3, and we define divisors E~^, E~ e 
Div(y) ® M by 

= -Di + aD2 and E' = aDi - D2. 

We write the given divisor D as D = aE^ + hE~ and note that the 
ampleness of D is equivalent to a > and 6 > 0; see [17]. 

There are canonical heights fi^ and h~ associated to with prop- 
erties similar to the canonical heights on P^ described in the proof of 



16 JOSEPH SILVERMAN 

Proposition 9. More precisely, as described in [17] and [19, §7.4], we 
have 

h^{ipP) = a^h+{P), h-^{P) = hE+iP) + 0(1), 

h-{^pP)^a-^h-{P),h-{P) ^hE-{P) + 0{l). 

We fix a point P e V{Q) with Zariski dense </7-orbit, and for each k > 
we let Qk — <p~^{P). Then for all n > we have 

hoi^'^^Qk)) = a/i+(v^"(Qfc)) +0(1) 
= aa^''-^''h+{P) + ha'^''h-{Qk) + 0(1). 



Hence 



= lim . a^^h-{P) ^ ^_2n 

aa-'^^h+{P) + ha^^h-{P) + 0(1) 

For the other inequality, we note that 

hoi^'^iP)) - a-''^hD{P) 

= (aQ;H+(P) + ha-'^''h-{P)) - a-^''{ah+{P) + hh-{P)) + 0(1) 
= a(o;'"-Q;-'")/i+(P) + 0(l). 

Hence 

/X = liminf } 

>a-"+ liminf - W + > 

/ic(P)-*oo /iD(-P) 

since a > and a^'* - a^^" > 0. □ 

Remark 14. We observe that Proposition 13 provides an example in 
which the Neron-Severi group NS(V^) has rank greater than one, but 
the height expansion coefficient is independent of the divisor class as- 
sociated to the chosen height function. In general, for a given variety V 
and map ip : V ^ V, it might be interesting to study the association 

NS(y)(8)R — >R, [D]i — >n{ip;hD)- 
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5. An APPLICATION TO SPECIALIZATION MAPS 

We apply Theorem 1 to prove a specialization result. Specializa- 
tion theorems over one-dimensional bases are known for families of 
abelian varieties [16] and for products of multiplicative groups [1]. 

Harbegger [3, 4] has recently proven strong results for intersections 
Xoa^QldimX]^ where G is a torus or an abelian variety, C'"' is the set 
of codimension n subgroups of G, and X°°' is the nonanomalous part 
of X, and he has announced a forthcoming work dealing with the case 
that G is a semiabelian variety. An immediate application of Theo- 
rem 1 is a complementary specialization result for dominant rational 
maps to semiabelian varieties. 

Corollary 15. Let G/Q be a semiabelian variety, let W/Q be a projec- 
tive variety, and let ip : W ---^ G be a dominant rational map. Assume 
further that dim(l^) = dim(G') . Then there is a nonempty Zariski open 
subset U (ZW such that 

{P e U{Q) : (fi{P) is a torsion point^ 

is a set of bounded height. 

Proof. We let U CW be as in Theorem 1 for the map </?, so 
hG{viP)) > CihwiP) - C2 for all P e U{Q). 

It is well-known that the height of torsion points on tori and on abelian 
varieties arc bounded, and the same is true more generally for semi- 
abelian varieties; see for example [2, appendix]. Thus there is a C3 
such that hciQ) < C3 for all Q e G(Q)tors- Hence 

P e t/(Q) and ^{P) e Gtors 

=^ hw{P) < G{\hG{ip{P)) + G2) < C{\Gs + C2). 

□ 

Remark 16. We mention that a version of Corollary 15 remains valid 
when ip is not dominant. More precisely, if the image of ip is not con- 
tained in the translate of a subgroup of G, then (p{W) fl Gtors is not 
Zariski dense in ip{W), so </'~^(Gtors) is not Zariski dense in W. This 
follows immediately from a general version of the Manin-Mumford con- 
jecture for semiabelian varieties proven by Hindry [6], generalizing the 
proof for tori by Laurent [10] and for abelian varieties by Raynaud [14]. 
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